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Abstract Thermomechanics and granular micromechanics approaches are combined to derive constitutive
equations for modeling rate-dependent granular materials with damage and plasticity. The derivation is moti-
vated by the recognition that the effect of micro-scale mechanisms upon the macro-scale behavior is known
to be significant for granular materials. A general thermomechanical framework applicable to rate-dependent
granular materials with damage and plasticity is developed. Based upon this framework, an expression for
macro-scale Cauchy stress tensor is obtained in terms of the micro-scale grain interaction forces and the rela-
tionship between micro- and macro-scale kinematics. In addition, a Clausius–Duhem type inequality applicable
to inter-granular interaction is derived, which is used to establish micro-scale constitutive relations for particu-
lar type of inter-granular interactions. The expression for Cauchy stress tensor and the micro-scale constitutive
relations is then combined under a mean field kinematic assumption to obtain evolution-type macro-scale con-
stitutive equations. The advantage of the granular micromechanics approach is that the damage and plasticity
are defined using simple 1d functions at micro-scale, and complicated plastic potentials, damage functions and
rules for their evolution are not required. The resultant model is applied to investigate primary, secondary and
tertiary creep, creep-recovery as well as rate-dependent response under uniaxial compressive loading. Model
applicability is also demonstrated for asymmetric tensile-compressive response under creep-recovery loading.
The model is used to evaluate the evolution of elastic energy, and viscous, plastic and damage dissipation at
the macro- and micro-scale with respect to creep time and loading level. The results show the development of
loading-induced anisotropy due to damage and plasticity in these materials.

Keywords Thermomechanics · Rate dependence · Damage-plasticity · Granular materials · Micromechanics ·
Time integration

1 Introduction

A large class of materials possessing granular microstructure, such as asphalt concrete, soils, polymers, exhibit
rate-dependent mechanical behavior often coupled with nonlinear material damage. Although a number of
constitutive models have been proposed in the literature to model nonlinear viscoelastic behavior (see for
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example [1–9] including comprehensive reviews in [2,6]), these efforts characteristically focus upon the
macro-scale without adequate considerations of the micro-scale mechanisms that are known to be significant
for granular materials. The granular micromechanics approach provides a feasible method for incorporating
the influence of micro-scale mechanisms into continuum models of these materials [10]. The recognition that
microstructural effects are significant and can be modeled within the framework of continuum mechanics can be
traced to the pioneering works of Cosserat [11], Mindlin [12], Toupin [13], Eringen [14], Green and Rivlin [15]
and Germain [16]. The granular micromechanics approach traces its genesis to the continuum models of grain
packings developed in the second half of the last century (see for example [17–23]). However, this approach
has antecedents in the early development of continuum mechanics in the works of Navier [24], Cauchy [25],
and Piola [26]. In recent years, approaches have been sought to obtain continuum model of discrete systems
such as for molecular or atomic systems [27–29], granular systems [30–35], truss-systems [36–38] or for
modeling fracture assuming a pseudo-granular structure [39–41]. Thermomechanics can serve as a basis for
the development of granular micromechanics or similar approaches for nonlinear rate-dependent materials
with damage and plasticity that is thermodynamically consistent [6,42–45]. The focus of the present paper
is to discuss the derivation of continuum constitutive relationships using granular micromechanics approach
from a thermomechanical basis.

In the subsequent discussion, we first develop the general thermomechanical framework applicable to
rate-dependent granular materials with coupled damage-plasticity. As a result, we derive an expression for
macro-scale Cauchy stress tensor in terms of the micro-scale grain interaction forces and the relationship
between micro- and macro-scale kinematics. We also find a Clausius–Duhem type inequality applicable to
inter-granular interactions. We then derive micro-scale constitutive relations for particular type of inter-granular
interactions. These micro-scale constitutive relations are used along with the expression for Cauchy stress to
find the macro-scale constitutive relationship. For numerical calculations, an efficient and accurate explicit time
integration scheme for the resultant evolution-type macro-scale constitutive equations is derived. The model is
then applied to investigate primary, secondary and tertiary creep, creep-recovery and rate-dependent response
under uniaxial compressive and tensile loading. We first demonstrate the model validity by comparison with
experimental data from creep and creep-recovery test of hot-mix asphalt samples under both compressive and
tensile loading. We then evaluate the evolution of elastic energy, and viscous, plastic and damage dissipation at
the macro- and micro-scale with respect to creep time and loading level. We also investigate how damage and
plastic displacement evolve during creep, creep-recovery and monotonic loading. These results are discussed
in context of the strong loading-induced anisotropy that these materials exhibit. The model is also applied to
simulate nonlinear rate-dependent bending experiments on polymeric beams.

2 Thermomechanical framework for granular micromechanics

It is well accepted that the macro-scale properties of a material are significantly influenced by the interac-
tion between representative units. In many systems, the relevant representative unit can be modeled as grains
conceived as aggregations of atoms or molecules in which the intra-granular atomic interactions have a quali-
tatively different nature than the inter-granular interactions. Some materials such grains are easily identifiable
with distinct grain boundaries, such as in the cases of grain packings, polycrystals, sands and clays, asphalt
concrete, sandstones or materials derived from sintering using grain precursors. In contrast, for a number of
materials with granular texture or behavior, the grain identification is not straightforward, such as the case of
hydraulic cements and polymers. In either case, the evidence of granular nature (and grain size) of materials
and the ideas of coarse graining by combining atoms and molecules into larger grains have been prevalent (see
for example [46–50]). In these cases, a granular meso-structure is considered and the inter-granular interactions
modeled in a statistical sense to describe the essential grain scale and sub-granular scale mechanisms. In prin-
ciple, the inter-granular interaction in a grain neighborhood may be treated from atomistic viewpoint; however,
such an approach can be computationally intractable for most systems with billions of atoms and ill-defined
structures. Along these lines, multi-scale approaches that consider intermediate or meso-scale consisting of dis-
crete grains could also be conceived. However, these discrete models suffer from the need to simulate granular
meso-structures, define appropriate grain scale constitutive laws, implement effective computational schemes
and be coupled to higher scales. Such intermediate scale discrete models not only add to the computational
expense, but fail to offer the versatility of systematically investigating the influence of the macro-scale para-
meters, such as material density and inherent anisotropy, as well as the grain scale parameters, such as effect
of inter-granular degradation, presence of boundary layers, shapes and sizes, on the overall material response.
From a practical viewpoint, we can formulate appropriate functions to describe the inter-granular interactions
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in which the essential grain scale mechanisms are represented and the interaction function parameters can be
obtained from the experimental data. Therefore, in this paper, we proceed from a pseudo-granular structure in
which the grain interactions represent the average behavior of a variety of plausible inter-atomic interactions
and the influence of the grain neighborhood.

2.1 Kinematics of granular meso-structure

Under external action, the grains of the meso-structure may translate or rotate resulting in a relative displacement
between the grains [18,34]. As a first approximation, we ignore the grain rotations and write the relative
displacement, δi , between two nearest neighbor grains n and p as

δi = u p
i − uni (1)

where ui =particle displacement; superscripts refer to the interacting particles. The subscripts follow the
tensor summation convention unless noted otherwise. For passage to continuum description of this discrete
model, we utilize the Taylor series expansion of the displacement such that the displacement of grain p may
be written as:

u p
i = uni + uni, j

(
x p
j

− xn
j

)
(2)

where the point of expansion is chosen as the centroid of grain n. In Eq. 2, ui, j is the displacement gradient,
and xnj and x p

j are the position vectors to the centroid of grains n and p, respectively. Thus, the relative
displacement, δi , between two nearest neighbor grains n and p representing the α-th inter-granular interaction
is given by

δα
i = uni, j

(
x p
j

− xn
j

)
= uni, j l

α
j (3)

The relative displacement, δi , between two grains may be decomposed into two components, (1) δn , along
unit vector, ni , defined in the direction of vector lαj = x p

j − xnj , termed as the normal direction, and (2) δw,
orthogonal to vector, ni , referred to as shear direction. The relative displacement in the normal direction is
given by, δn = δi ni , and the relative displacement in the shear direction is given by, δw =

√
(δi si )2 + (δi ti )2,

where unit vectors ni , si and ti form a local Cartesian coordinate system. The vectors si and ti are arbitrarily
chosen and lie on the plane perpendicular to the vector ni , such that

ni = 〈cos θ, sin θ cos φ, sin θ sin φ〉
si = 〈− sin θ, cos θ cos φ, cos θ sin φ〉 (4)

ti = 〈0, − sin φ, cos φ〉
where θ and φ are shown in the inset in Fig. 3. We note here that the above simplifying kinematical assumptions
that ignore the particle rotations and higher gradients of displacements will lead to a classical Cauchy continuum
theory, albeit with grain scale representation. By relaxing these assumptions, continuum theories that provide a
much more complete account of microstructure such as those discussed in [51–54] may be obtained. However,
this requires a careful kinematical analysis that will be pursued in a future work.

2.2 Thermomechanical formulation for rate-dependent material with damage

To establish our notations, we consider a volume element (VE) of granular material with mass density denoted
by, ρ. Using the first law of thermodynamics, which states that the change in the total energy (kinetic and
internal) of the system is equal to amount of work done on the system and heat supplied to the system, the
variation of internal energy density of the VE is written as the following sum

ρė = pi − qk,k + ρh (5)

where e is the internal energy per unit mass, pi is the power density of internal forces, qk is the heat flux vector
and h is the heat source per unit mass. Further, the second law of thermodynamics, which states that the change
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of entropy of the system is greater than or equal to the supply of entropy through heat, provides the following
inequality

ρθ ṡ − ρh + qk,k − qkθ,k

θ
≥ 0 (6)

where s is the entropy per unit mass, and θ is the thermodynamic temperature. Making use of Helmholtz free
energy per unit mass, w, expressed as a Legendre transform

w = e − sθ (7)

Equation 5 can be written as

ρθ ṡ = pi − qk,k + ρh − ρθ̇s − ρẇ (8)

Now combining Eqs. 6 and 8, we obtain the well-known Clausius–Duhem inequality

pi − ρẇ − ρθ̇s − qkθ,k

θ
≥ 0 (9)

For small deformation, Helmholtz free energy and entropy per unit volume may be defined as: W = ρw and
S = ρs, and the following usable form of Clausius–Duhem inequality can be obtained

pi − Ẇ − Sθ̇ − qkθ,k

θ
= d ≥ 0 (10)

where d denotes the dissipation per unit volume [55].
For further discussion, we assume that the power density of internal forces, pi , is a function of the symmetric

part of first gradient of displacement, that is pi = σi j u̇(i, j) = σi j ε̇i j , where σi j is the Cauchy stress. In general,
the power density of internal forces could be a function of higher gradients of displacements as well as rotations
which would lead to higher gradient and micromorphic materials (see [16,56,57]). The Helmholtz free energy
density of rate-dependent material with damage is taken to be a function of the independent kinematic variable,
εi j ; the internal variable associated with rate-dependent phenomenon, εv

i j ; a second internal variable associated

with damage, Di j ; a third internal variable associated with plasticity, ε
p
i j ; and the temperature, θ , expressed in

the following general form: W = W
(
εi j , ε

v
i j , Di j , ε

p
i j , θ

)
. In addition, the dissipation density, d , is defined as

d = ∂ψ

∂ε̇v
i j

ε̇v
i j + ∂ψ

∂ε̇
p
i j

ε̇
p
i j + ∂ψ

∂ Ḋi j
Ḋi j + ∂ψ

∂qk
qk ≥ 0 (11)

where, ψ = ψ
(
εi j , θ, εv

i j , ε̇
v
i j , Di j , Ḋi j , qk

)
is a dissipation potential. Differentiating the Helmholtz free

energy, W , with time we obtain

Ẇ = ∂W

∂εi j
ε̇i j + ∂W

∂εv
i j

ε̇v
i j + ∂W

∂ε
p
i j

ε̇
p
i j + ∂W

∂Di j
Ḋi j + ∂W

∂θ
θ̇ (12)

Combining Eqs. 10, 11 and 12, we obtain the following

(
σi j − ∂W

∂εi j

)
ε̇i j −

(
∂W

∂εv
i j

+ ∂ψ

∂ε̇v
i j

)
ε̇v
i j −

(
∂W

∂ε
p
i j

+ ∂ψ

∂ε̇
p
i j

)
ε̇
p
i j

−
(

∂W

∂Di j
+ ∂ψ

∂ Ḋi j

)
Ḋi j −

(
∂W

∂θ
+ S

)
θ̇ −

(
θ,k

θ
+ ∂ψ

∂qk

)
qk = 0 (13)
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For Eq. 13 to hold under all conditions, the following must be satisfied

σi j − ∂W

∂εi j
= 0 (14a)

∂W

∂εv
i j

+ ∂ψ

∂ε̇v
i j

= 0 (14b)

∂W

∂ε
p
i j

+ ∂ψ

∂ε̇
p
i j

= 0 (14c)

∂W

∂Di j
+ ∂ψ

∂ Ḋi j
= 0 (14d)

∂W

∂θ
+ S = 0 (14e)

−θ,k

θ
= ∂ψ

∂qk
(14f)

Clearly, Eq. 14a provides the definition of the Cauchy stress as σi j = ∂W
∂εi j

, Eqs. 14b through 14d represent
Ziegler’s orthogonality conditions, Eq. 14e provides the relationship between free energy and entropy S, and
Eq. 14f represents the temperature gradient per unit temperature θ,k

θ
as a function of heat vector qk .

2.3 Thermomechanical formulation for granular system

We observe that for a granular system, the VE free energy, dissipation potential and temperature may be defined
in terms of the micro-scale quantities arising from the inter-granular interactions. Thus, the Helmholtz free
energy density, W , and the dissipation potential,Ψ , can be written as follows:

W = 1

V

N∑
α

Wα
(
δα
j , δ

vα
j , δ

pα
j , Dα

j , θ
α
)

(15a)

ψ = 1

V

N∑
α=1

ψα
(
δα
j , δ

vα
j , δ̇vα

j , δ
pα
j , δ̇

pα
j , Dα

j , Ḋ
α
j , θ

α, qα
j

)
(15b)

where each inter-granular interactions have been counted only once such that N is the total number of inter-
granular interactions, Wα and Ψ α denote the contributions to free energy and dissipation potential, respectively,
from the α-th inter-granular interaction, and δα

j is the inter-granular displacement vector defined in Eq. 1,

δvα
j , δ

pα
j and Dα

j are the internal variables associated with rate dependence, plasticity and damage, respectively,
of the inter-granular interactions, and the superimposed dot (·) denotes the time derivative. Similarly, the VE
temperature, θ , can be obtained as a volume average of the micro-scale temperatures associated with granular
interactions, θα , as

θ =
N∑

α=1

ϕαθα (15c)

where ϕα denotes the volume fraction ascribed to the α-th inter-granular interactions.
Now, from Eqs. 14a and 15a, we obtain the following relationship between the macro-scale Cauchy stress,

σi j , of the VE and the micro-scale grain interaction forces, f α
j , using the chain rule of differentiation

σi j = ∂W

∂εi j
= 1

V

N∑
α=1

f α
k

∂δα
k

∂εi j
where, f α

k = ∂Wα

∂δα
k

(16)

It is noteworthy that the grain interaction forces, f α
j , are in general a function of the micro-scale temperature.

Thus, the change in macro-scale stress could also result from micro-scale thermal expansion or contraction
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caused by temperature change. A somewhat simpler form of similar expression for Cauchy stress tensor has
been derived previously using alternative approaches (see [17] and more recently [58]), where a particular mean
field relationship between inter-granular displacement vector and strain tensor has been tacitly assumed and
dependence on temperature ignored. Further, we substitute Eqs. 15a and 15b into the Ziegler’s orthogonality
conditions given in Eqs. 14b–14d, use the chain rule and recognize that the variation in time of the micro-scale
quantities is not independent of the macro-scale quantities. As a result, we obtain the following relationships:

N∑
α=1

∂Wα

∂δvα
k

∂δvα
k

∂εv
i j

+
N∑

α=1

∂ψα

∂δ̇vα
k

∂δ̇vα
k

∂ε̇v
i j

=
N∑

α=1

(
∂Wα

∂δvα
k

+ ∂ψα

∂δ̇vα
k

)
∂δvα

k

∂εv
i j

= 0 (17a)

N∑
α=1

∂Wα

∂δ
pα
k

∂δ
pα
k

∂ε
p
i j

+
N∑

α=1

∂ψα

∂δ̇
pα
k

∂δ̇
pα
k

∂ε̇
p
i j

=
N∑

α=1

(
∂Wα

∂δ
pα
k

+ ∂ψα

∂δ̇
pα
k

)
∂δ

pα
k

∂ε
p
i j

= 0 (17b)

N∑
α=1

∂Wα

∂Dα
k

∂Dα
k

∂Di j
+

N∑
α=1

∂ψα

∂ Ḋα
k

∂ Ḋα
k

∂ Ḋi j
=

N∑
α=1

(
∂Wα

∂Dα
k

+ ∂ψα

∂ Ḋα
k

)
∂Dα

k

∂Di j
= 0 (17c)

The use of Eqs. 15a and 14e provides

N∑
α=1

1

ϕα

∂Wα

∂θα
+

N∑
α=1

Sα = 0 (17d)

where the entropy per unit volume, S = 1
V

∑N
α=1 S

α . And finally, from the combination of Eqs. 15c and 14f,
we find the relationship between the micro-scale heat vectors and macro-scale temperature gradient

N∑
α=1

−ϕαθα
,k

θ
=

N∑
α=1

∂ψα

∂qα
l

∂qα
l

∂qk
(17e)

An examination of Eq. 17 suggests that the following form of micro-scale Clausius–Duhem type inequality
should hold for the α-th inter-granular interaction:

f α
j δ̇α

j − Ẇα − ϕαSαθ̇α − ϕα
qα
k θα

,k

θ
= dα ≥ 0 (18)

where, f α
j , δα

j are the inter-granular force and displacements, Wα, Sα, dα and ϕα qα
k θα

,k
θ

are the free energy,
entropy, total dissipation and thermal dissipation, respectively, contributed by the α-th inter-granular interac-
tion, and qα

k is the heat vector associated with the α-th inter-granular interaction. The dissipation, dα , is given
as follows:

dα = ∂ψα

∂δ̇vα
j

δ̇vα
j + ∂ψα

∂δ̇
pα
j

δ̇
pα
j + ∂ψα

∂ Ḋα
j

Ḋα
j + ∂ψα

∂qα
j
qα
j ≥ 0 (19)

where Ψ α , is the micro-scale dissipation potential defined in Eq. 15b. Differentiating free energy, Wα , defined
in Eq. 15a with time we obtain:

Ẇα = ∂Wα

∂δα
j

δ̇α
j + ∂Wα

∂δvα
j

δ̇vα
j + ∂Wα

∂δ
pα
j

δ̇
pα
j + ∂Wα

∂Dα
j
Ḋα

j + ∂Wα

∂θα
j

θ̇ α
j (20)

Now combining with Eqs. 18, 19 and 20, we obtain the following expression:
(
f α
j − ∂Wα

∂δα
j

)
δ̇α
j −

(
∂Wα

∂δvα
j

+ ∂ψα

∂δ̇vα
j

)
δ̇vα
j −

(
∂Wα

∂δ
pα
j

+ ∂ψα

∂δ̇
pα
j

)
δ̇
pα
j

−
(

∂Wα

∂Dα
j

+ ∂ψα

∂ Ḋα
j

)
Ḋα

j −
(

∂Wα

∂θα
j

+ ϕαSα

)
θ̇ α −

(
ϕα

θα
, j

θ
+ ∂ψα

∂qα
j

)
qα
j = 0 (21)
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which yields a set of following relations that are similar to Eqs. 14a–14f, but apply to inter-granular interactions:

f α
j = ∂Wα

∂δα
j

(22a)

∂Wα

∂δ
pα
j

+ ∂ψα

∂δ̇
pα
j

= 0 (22b)

∂Wα

∂Dα
j

+ ∂ψα

∂ Ḋα
j

= 0 (22c)

∂Wα

∂δvα
j

+ ∂ψα

∂δ̇vα
j

= 0 (22d)

Sα = − 1

ϕα

∂Wα

∂θα
j

(22e)

θα
, j = − θ

ϕα

∂ψα

∂qα
j

(22f)

Equation 22a defines the micro-scale quasi-conservative inter-granular force, f α
j , Eqs. 22b through 22c serve as

the micro-scale orthogonality conditions, Eq. 22e gives the expression for the micro-scale entropy production,
and Eq. 22f gives the temperature gradient between two grains at the α-th contact. For further discussion,
we focus upon Eqs. 16, 17a–17c, and 22a–22d, and discard the temperature effects. We note, however, that
Eqs. 17d–17e and 22e–22f are relevant to analysis of thermodynamic temperature and thermal conduction
which will be pursued separately.

2.4 Rate-dependent inter-granular damage relationships

For further discussion, we make particular choices for inter-granular interactions to illustrate the applicability
of the relationships derived in Sect. 2.2 to rate-dependent granular solids with damage and plasticity. To this
end, we consider the inter-granular displacement, δα

j , to be decomposed into a part purely elastic and a part
that is rate-dependent

δα
j = δeαj + δvα

j (23)

The free energy and dissipative potential at the micro-scale for a rate-dependent material with damage and
plasticity can be conveniently written as follows in terms of the normal and shear components following the
kinematic decomposition described in Sect. 2.1

Wα = Wα
n + Wα

w

ψα = ψα
n + ψα

w

(24)

The choice of above additive decomposition of inter-granular free energy and dissipative potential is one of
simplicity. Alternative formulations of these inter-granular quantities can be conceived that incorporate normal
and shear coupling terms to further enrich the inter-granular behavior. For example, coupled normal and shear
dissipation is a widely discussed feature of frictional granular materials. The inter-granular free energy are
assumed to take the following quadratic form (part associated with the purely elastic deformation and part
associated with the rate-dependent process that undergoes damage and plasticity)

Wα
n = 1

2
Eα

1

(
δeαn

)2 + 1

2
Eα
n

(
1 − Dα

n

) (
δvα
n

)2 (
1 − βα

n

)

Wα
w = 1

2
Gα

1

(
δeαw

)2 + 1

2
Gα

w

(
1 − Dα

w

) (
δvα
w

)2 (
1 − βα

w

) (25)

where E1, En, G1, and Gw denote inter-granular stiffnesses, and Dn and Dw denote inter-granular damage
in the normal and shear directions, respectively. Further, βα

n and βα
w are constant non-dimensional plastic
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parameters that define the plastic displacements as a proportion of the inter-granular displacements, δvα
n and

δvα
w , associated with the viscous element,

βα
n = δ

pα
n

δvα
n

; βα
w = δ

pα
w

δvα
w

(26)

where δ
pα
n and δ

pα
w are the inter-granular plastic displacements in normal and shear directions, respectively.

We note the plastic parameters βα
n and βα

w take a value between 0 and 1, where a value of zero implies an
absence of plastic dissipation. On the other hand, a value of 1 will lead to the second term in Eq. 25 or the
rate-dependent process making no contribution to the free energy. Combining Eqs. 25 and 26, inter-granular
free energy takes the following form:

Wα
n = 1

2
Eα

1

(
δeαn

)2 + 1

2
Eα
n

(
1 − Dα

n

)
δvα
n

(
δvα
n − δ

pα
n

)

Wα
w = 1

2
Gα

1

(
δeαw

)2 + 1

2
Gα

w

(
1 − Dα

w

)
δvα
w

(
δvα
w − δ pαw

) (27)

The inter-granular dissipation potential are taken as the sum of the viscous, damage and plastic dissipation in
the following classical form [59]

ψα
n = 1

2
μα
n

(
δ̇vα
n

)2 + Y α
n

∣∣Ḋα
n

∣∣ + Zα
n

∣∣δ̇vα
n

∣∣

ψα
w = 1

2
μα

w

(
δ̇vα
w

)2 + Y α
w

∣∣Ḋα
w

∣∣ + Zα
w

∣∣δ̇vα
w

∣∣
(28)

where μn and μw denote inter-granular viscosities, and the terms Y and Z denote generalized forces that are
conjugates of the inter-granular damage and plastic dissipation, respectively. In light of Eq. 26, it is useful to
rewrite Eq. 28 by splitting the plastic dissipation potential as follows:

ψα
n = 1

2
μα
n

(
δ̇vα
n

)2 + Y α
n

∣∣Ḋα
n

∣∣ + Zα
1n

∣∣δ̇vα
n

∣∣ + Zα
2n

∣∣δ̇ pαn
∣∣

ψα
w = 1

2
μα

w

(
δ̇vα
w

)2 + Y α
w

∣∣Ḋα
w

∣∣ + Zα
1w

∣∣δ̇vα
w

∣∣ + Zα
2w

∣∣δ̇ pαw

∣∣
(29)

The grain scale free energy and dissipation defined in Eqs. 25–29 represent a coupled damage and plasticity
wherein the dissipation due to damage is partly independent and partly coupled with plasticity. Similar coupling
has been proposed in the context of purely continuum modeling (see among others [60–63]). We now apply
the grain scale orthogonality condition given in Eq. 22b along with Eqs. 27 and 29 to obtain the ‘dissipative
force’ dual of inter-granular plastic displacements δ

pα
n and δ

pα
w denoted by χ

pα
n and χ

pα
w as follows:

χα
n = −∂Wα

∂δ
pα
n

= Zα
2nsign

(
δ̇
pα
n

); χα
w = −∂Wα

∂δ
pα
w

= Zα
2wsign

(
δ̇ pαw

)
(30a)

where

Zα
2n = 1

2
Eα
n (1 − Dn) δvα

n ; Zα
2w = 1

2
Gα

w (1 − Dw) δvα
w (30b)

It is clear from Eq. 30a that the ‘dissipative force’ χ
pα
n and χ

pα
w should take the same sign as the rate of

inter-granular plastic displacements, which implies that plastic displacement should vanish during unloading
and that during loading, Z pα

2n = χ
pα
n and Z pα

2w = χ
pα
w . It is a matter of straightforward algebra to show that

Zα
1n = 1

2
En (1 − Dn) δ

pα
n ; Zα

1w = 1

2
Gw (1 − Dw) δvα

w (31)

such that the dissipation potential in Eq. 29 reduces to that of the classical form given in Eq. 28, where

Zα
n = βα

n En (1 − Dn) δvα
n ; Zα

w = βα
wGw (1 − Dw) δvα

w (32)
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Further, the application of the micro-scale orthogonality condition given in Eq. 22c, in combination with
Eqs. 27 and 29, yields the micro-scale generalized force, Y , the dual of inter-granular damage D as follows

Y α
n = 1

2
Eα
n

(
δvα
n

)2 (
1 − βα

n

) ; Y α
w = 1

2
Gα

w

(
δvα
w

)2 (
1 − βα

w

)
(33)

These expressions show that the generalized force is the undamaged elastic energy associated with the rate-
dependent inter-granular process. Note that, the terms that cross-link normal and shear components do not
appear in this particular inter-granular interaction, and the response on the shear plane (s-t plane) is taken to
be isotropic. We find it noteworthy to comment that in the granular systems composed of many components,
possibilities of sinks that trap the macroscopic energy in microscopic (grain scale) motions may be present as
shown by [64–66]. Further in lattice models, dissipation due to rupture of elastic links are used for describing
material damage [67–69]. Such losses are modeled in the approach presented here in a phenomenological
sense using contact dissipation mechanism given by Eq. 29.

Now using Eqs. 22a and 23–25, the inter-granular forces are obtained as follows

f α
n = ∂Wα

∂δα
n

= Eα
1

(
δα
n − δvα

n

)

f α
w = ∂Wα

∂δα
w

= Gα
1

(
δα
w − δvα

w

) (34)

Finally, using the grain scale orthogonality condition in Eq. 22d, we can find the grain scale constitutive
relationships during loading as follows:

−Eα
1

(
δα
n − δvα

n

) + Eα
n δvα

n

(
1 − Dα

n

) − 1

2
Eα
n δ

pα
n

(
1 − Dα

n

) + μα
n δ̇vα

n + Zα
1n = 0

−Gα
1

(
δα
w − δvα

w

) + Gα
wδvα

w

(
1 − Dα

w

) − 1

2
Gα

wδ pαw

(
1 − Dα

w

) + μα
wδ̇vα

w + Zα
1w = 0

(35)

Combining Eqs. 31, 34 and 35, the inter-granular constitutive relationships are simplified as follows

f α
n = K α

n δα
n + ηα

n δ̇α
n − ζ α

n ḟ α
n

f α
w = K α

wδα
w + ηα

wδ̇α
w − ζ α

w ḟ α
w

(36)

where K , η and ζ can be interpreted as the inter-granular stiffness, viscosity and relaxation parameters,
respectively given as

K α
n = Eα

1 E
α
n

(
1 − Dα

n

)

Eα
1 + Eα

n

(
1 − Dα

n

) ; ηα
n = Eα

1 μα
n

Eα
1 + Eα

n

(
1 − Dα

n

) ; ζ α
n = μα

n

Eα
1 + Eα

n

(
1 − Dα

n

) ;

K α
w = Gα

1G
α
n

(
1 − Dα

w

)

Gα
1 + Gα

n

(
1 − Dα

w

) ; ηα
w = Gα

1 μα
w

Gα
1 + Gα

n

(
1 − Dα

w

) ; ζ α
w = μα

w

Gα
1 + Gα

n

(
1 − Dα

w

)
(37)

Equation 36 can also be written in an alternate form

f α
n = K α

n

(
δα
n − δ

pα
n

) + τα
nδK

α
n δ̇α

n − τα
n f ḟ

α
n

f α
w = K α

w

(
δα
w − δ pαw

) + τα
wδK

α
wδ̇α

w − τα
w f ḟ

α
w

(38)

where τnδ and τwδ are the retardation times, and τn f and τw f is the relaxation times given as follows:

τα
nδ = μα

n

Eα
n

(
1 − Dα

n

) ; τα
n f = μα

n

Eα
1 + Eα

n

(
1 − Dα

n

) ;

τα
wδ = μα

w

Gα
n

(
1 − Dα

w

) ; τα
w f = μα

w

Gα
1 + Gα

n

(
1 − Dα

w

) (39)

It is clear from Eqs. 36–39 that the assumed form of inter-granular free energy and dissipation potential leads
to a three-parameter nonlinear inter-granular constitutive law of Zener solid type. Other types of micro-scale
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laws can be introduced that are valid for materials such as granular soils [31] and polyurea [70]. Furthermore,
the micro-scale laws derived here can serve for modeling rate-dependent damage and plasticity of octet-truss
lattices discussed in [71].

To complete the inter-granular constitutive relationships for coupled damage-plasticity, we introduce the
following criterion for unloading and reloading, utilizing inter-granular yield criterion Fα

n and Fα
w , defined

independently for the normal and shear directions as:

Fα
n = Fα

n

(
δvα
n , δ

pα
n , Dα

n

) = 0; and Fα
w = Fα

w

(
δvα
w , δ pαw , Dα

w

) = 0 (40)

The loading, unloading and reloading conditions at the inter-granular scale can now be described as follows:

(1) Loading—Fα
n = 0, and δ̇vα

n > 0, and Fα
w = 0, and δ̇vα

w > 0.
(2) Unloading—Fα

n < 0, and δ̇vα
n < 0, and Fα

w < 0, and δ̇vα
w < 0.

(3) Reloading—Fα
n < 0, and δ̇vα

n > 0, and Fα
w < 0, and δ̇vα

w > 0.

In this case, the inter-granular flow rule can also be defined to obtain the inter-granular ‘dissipative forces’
χ

pα
n and χ

pα
w as follows

χ
pα
n = λ

pα
n

∂Fα
n

∂δ
pα
n

; χ pα
w = λpα

w

∂Fα
w

∂δ
pα
w

(41)

where λα
n and λα

w are plastic multipliers. The yield criteria can be obtained from the plastic dissipation defined
previously which gives

Fα
n = 1

2
Eα
n βα

n

[(
1 − Dα

n

) (
δvα
n

)2 − (
1 − maxDα

n

) (maxδvα
n

)2
]

= 0;

Fα
w = 1

2
Gα

wβα
w

[(
1 − Dα

w

) (
δvα
w

)2 − (
1 − maxDα

w

) (maxδvα
w

)2
]

= 0
(42)

where the left superscript ‘max’ denoted the maximum accumulated values of the corresponding quantities.
We can see that introducing Eqs. 42 and 26 into 41, we will find the ‘dissipative forces’ χ

pα
n and χ

pα
w to be

same as obtained in Eq. 30. During unloading and reloading, the dissipation vanishes; therefore, the multipliers
λα
n and λα

w takes a value of zero, while they take a value 1 during loading. As usual, the plastic potential Fα
n

and Fα
w satisfy the Karush–Kuhn–Tucker (KKT) type conditions of complementarity and consistency stated

as

Fα
n λα

n = 0 and Ḟα
n λα

n = 0

Fα
wλα

w = 0 and Ḟα
wλα

w = 0
(43)

Further, the grain scale constitutive relationships during unloading process can be derived as follows:

f α
n = Kuα

n

(
δα
n − βα

n
maxδvα

n

) + ηuα
n δ̇α

n − ζ uα
n ḟ α

n

f α
w = Kuα

w

(
δα
w − βα

w
maxδvα

w

) + ηuα
w δ̇α

w − ζ uα
w ḟ α

w

(44)

where Ku, ηu and ζ u are the unloading inter-granular stiffness, viscosity and relaxation parameters, respec-
tively, given as

Kuα
n = Eα

1 E
uα
n

Eα
1 + Euα

n
; ηuα

n = Eα
1 μα

n

Eα
1 + Euα

n
; ζ uα

n = μα
n

Eα
1 + Euα

n
;

Kuα
w = Gα

1G
uα
w

Gα
1 + Guα

w

; ηuα
w = Gα

1 μα
w

Gα
1 + Guα

w

; ζ uα
w = μα

w

Gα
1 + Guα

w

(45)

here, Euα
n = Eα

n (1−maxDα
n )

(1−βα
n )

; andGuα
w = Gα

w(1−maxDα
w)

(1−βα
w)

.
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2.5 Constitutive relationship for granular systems

The constitutive relationship for an VE of a granular system can now be obtained by introducing Eq. 36 or 44 into
Eq. 16. However, there are practical difficulties associated with relating inter-granular relative displacements
and the VE strain. To resolve this difficulty, we consider Eq. 16 in light of Eq. 3, which gives

σi j = 1

V

N∑
α=1

f α
k l

α
l

∂εnkl

∂εi j
where εnkl = un(k,l) (46a)

and adopt as a first approximation a mean field kinematical assumption [18,34] for relating the grain scale
displacement gradient to the overall VE displacement gradient such that

εnkl = εi j ; ∂εnkl

∂εi j
= δikδ jl; and δα

k = εkll
α
l (46b)

in which strain εkl is the symmetric part of the displacement gradient. We note that the relationship between the
grain scale displacement gradient and the overall VE displacement gradient is, in general, complex for random
granular materials as discussed in [34]. In principle, it is possible to relate the grain scale displacement gradient
to the overall displacement gradient using a fluctuation terms or shift vectors, which have to be determined
though energy minimization or by enforcing grain scale equilibrium provided the complete microstructure is
known [34]. In the case of disordered systems, such analysis is tantamount to obtaining solution of the particle
displacement field within a simulated granular structure at large computational cost. For materials with ill-
defined random structure, wide-ranging, often unrealistic assumptions are made to simulate some ‘reasonable’
granular microstructure or some meso-scale (intermediate scale) structure introduced comprising particle
clusters. These simulated structures have to be analyzed using discrete methods or other homogenization
schemes to determine the fluctuation terms as discussed in our earlier work [30,34]. In contrast, the mean field
kinematical assumption (or a mean field statical assumption), albeit approximate, provides a feasible approach
for the derivation of the VE constitutive law and has been shown to describe a number of phenomena exhibited
by granular materials for judiciously chosen inter-granular force laws [10,31,35,72]. Therefore, in this paper,
we use the mean field assumption of Eq. 46b, and compute the average stress tensor of an VE as:

σi j = 1

V

N∑
α=1

f α
i l

α
j (47)

We observe that Eq. 47 is a widely used expression for Cauchy stress tensor in granular mechanics [58]. Similar
expression has been derived using the virial of Clausius [73,74], as well as in the statistical mechanics of fluids
[75,76] and has been a subject of recent discussion in the context of molecular and atomistic modeling [77,78].
For sufficiently large VE containing variously oriented inter-granular interactions, the summation in Eq. 47
can be approximated by the following integral under certain simplifying assumptions [10,17,58]

σi j = Nl

2π∫

0

π∫

0

f j (θ, φ)ni (θ, φ)ξ(θ, φ) sin θdθdφ (48)

where N is the number density of pair interactions, l is the average grain size, ni is a unit vector expressed
in terms of the spherical coordinates (θ, φ) and ξ(θ, φ) is a directional probability density function such that
the product Nξ(θ, φ) sin θdθdφ gives the number density of pair interactions in the solid angle sin θdθdφ.
For convenience, we incorporate the factor Nl with the force, f j , such that it is expressed as a traction and
normalize the relative displacement, δi , with l. The units of the stiffness and viscosity in Eqs. 36–37 and 44–45
are appropriately modified. Now, by combining Eqs. 36 or 44 and 48, the following differential form of rate
constitutive relationship can be obtained

σi j =
2π∫

0

π∫

0

(
K jknlεkl + η jknl ε̇kl + ζ jk ḟk

)
niξ(θ, φ) sin θdθdφ (49)
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where the inter-granular stiffness, viscosity, and relaxation tensors are given as

Ki j (t) = Kn(t)nin j + Kw(t)
(
si s j + ti t j

)

ηi j (t) = ηn(t)nin j + ηw(t)
(
si s j + ti t j

)
(50)

ζi j (t) = ζn(t)nin j + ζw(t)
(
si s j + ti t j

)

3 Results and discussion

To demonstrate the applicability of the above-derived model, it is numerically evaluated for a particular nonlin-
ear damage and viscous dissipation model. In the subsequent discussion, we present (1) an efficient numerical
implementation of the model, (2) the expressions for inter-granular damage and viscosity and (3) a comparison
with experimental results for creep, creep-recovery and 3-point bending behavior. We then discuss the advan-
tages this type of model provides by investigating how the inter-granular elastic and dissipative energies as
well as damage and plasticity evolve at different stress levels for creep, creep-recovery and monotonic loading.

3.1 Numerical implementation

Since the inter-granular stiffness, viscosity, and relaxation parameters are in general nonlinear functions of
force and displacements, a numerical approach is required to evaluate the constitutive relationship in Eq. 49.
For developing a numerical procedure, we first consider the time discretization of the inter-granular constitutive
relationship in Eq. 36. Using the backward Euler method, we get from Eq. 36a:

f tn = K t
nδ

t
n + ηtn

(
δtn − δt−�t

n

)

�t
− ζ t

n

(
f tn − f t−�t

n

)

�t
(51)

The inter-granular normal force, f tn , at the current time, t , can then be written in the following form

f tn = Ct
nδ

t
n + Pt

nδ
t−�t
n + Qt

n f
t−�t
n (52)

where

Ct
n = K t

n�t + ηtn

�t + ζ t
n

; Pt
n = − ηtn

�t + ζ t
n
; and Qt

n = ζ t
n

�t + ζ t
n

(53)

Equation 26b can be treated in the same manner such that

f tw = Ct
wδtw + Pt

wδt−�t
w + Qt

w f t−�t
w (54)

where

Ct
w = K t

w�t + ηtw

�t + ζ t
w

; Pt
w = − ηtw

�t + ζ t
w

; and Qt
w = ζ t

w

�t + ζ t
w

(55)

We note that the coefficients, C, P and Q in Eqs. 53 and 55 are functions of force, f , and displacement, δ,
at time, t . Equations 52 and 54 are thus nonlinear implicit functions of f and δ and can be expressed in the
following general form after dropping, for convenience, the subscripts n, and w, superscript t , and replacing
t − �t with 0

R ( f, δ) ≡ f − C ( f, δ) δ − P ( f, δ) δ0 − Q ( f, δ) f 0 = 0 (56)

where R( f, δ) denotes a residual force.
We now utilize Newton’s method and expand the residual, R( f, δ), in Taylor series as follows

R ( f, δ) = R
(
i−1 f,i−1 δ

)
+

i−1 [
∂R

∂δ

]
�δ +

i−1 [
∂R

∂ f

]
� f (57)
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where the right superscript, i − 1, refers to the iteration step and the terms of order 2 or higher have been
omitted. Combining Eqs. 56 and 57, we get

(
1 − i−1R f

)
� f =

(
i−1C + i−1Rδ

)
�δ + i−1Ci−1δ + i−1Pδ0 + i−1Q f 0 − i−1 f (58)

where

i−1Rδ = i−1
(

∂C

∂δ
δ + ∂P

∂δ
δ0 + ∂Q

∂δ
f 0

)
; and i−1R f = i−1

(
∂C

∂ f
δ + ∂P

∂ f
δ0 + ∂Q

∂ f
f 0

)
(59)

and the force and displacements at the i-th iteration are updated in the usual manner as

i f = i−1 f + � f and iδ = i−1δ + �δ (60)

The above iterative scheme can be computationally intense, especially from the point of view of implementation
into numerical schemes for initial boundary value problems (IBVP); therefore, an explicit scheme is desirable.
To this end, we observe from Eq. 58 that i−1R f � f and i−1Rδ�δ contain product terms as well as terms
proportional to �t2, which, for sufficiently small loading increments and �t , can be negligibly small compared
to the remaining terms. In this case Eq. 58 is simplified and the coefficientsC, P and Q are evaluated at previous
time step t = t − �t after ignoring the subsequent iterations:

f t = f t−�t + � f = C
t−�t

(
δ
t−�t + �δ

)
+ P

t−�t
δ
t−�t + Q

t−�t
f
t−�t

(61)

We note that the numerical scheme may be further refined especially near failure points using the technique
presented in [79,80], which provide a method for finding solution with large loading step. Substituting the
inter-granular force from Eq. 61 into Eq. 49, we get an explicit form of the stress–strain relationship at time t

σ t
i j = Ct−�t

i jkl εtkl + Pt−�t
i jkl εt−�t

kl + σ̃ t−�t
i j (62)

In Eq. 50, the coefficients are given as

Ct−�t
i jkl =

2π∫

0

π∫

0

(
Ct−�t
n n j nk + Ct−�t

w

(
t j tk + s j sk

))
ninlξ(θ, φ) sin(θ)dθdφ (63a)

Pt−�t
i jkl =

2π∫

0

π∫

0

(
Pt−�t
n n j nk + Pt−�t

w

(
t j tk + s j sk

))
ninlξ(θ, φ) sin(θ)dθdφ (63b)

σ̃ t−�t
i j =

2π∫

0

π∫

0

(
Qt−�t

n f t−�t
n n j + Qt−�t

w f t−�t
w

(
t j + s j

))
niξ(θ, φ) sin(θ)dθdφ (63c)

The time discretized form of constitutive relationship in Eq. 62 can be efficiently solved by specifying stress,
strains or their combinations in an incremental manner. The accuracy and efficiency of the derived numerical
procedure has been discussed in [81]. The relationships can be readily implemented into finite element schemes
for IBVP or into beam theory as demonstrated later in Sect. 3.4.

3.2 Inter-granular damage and viscosity

Damage at the inter-granular scale is modeled by an exponential law [10,35] given by:

Dn = 1 − e
−

∣∣∣∣∣∣

(
δn (t)− fn (t)

E1

)

Bn

∣∣∣∣∣∣; and Dw = 1 − e
−

∣∣∣∣∣∣

(
δw(t)− fw(t)

G1

)

Bw

∣∣∣∣∣∣
(64)
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The viscosities, μn and μw, are given by taking into account the damage of the inter-granular interactions as

μn(t) = μn0e
−

∣∣∣∣∣∣

(
δn (t)− fn (t)

E1

)

βBn

∣∣∣∣∣∣; and μw(t) = μw0e
−

∣∣∣∣∣∣

(
δw(t)− fw(t)

G1

)

βBw

∣∣∣∣∣∣
(65)

To model the asymmetric inter-granular behavior under tensile and compressive actions, we replace the para-
meters Bn and Bw in Eqs. 64 and 65 by αn Bn and αwBw for the tensile case, where 0 ≤ αn < 1 and
0 ≤ αw < 1. We observe from Eqs. 37 and 64 that model parameters E1, En, μn0 and Bn describe the
elasticity, viscosity and damage behavior of the inter-granular interactions in the normal direction. Similarly,
parameters G1, Gw, μw0, and Bw describe the inter-granular interactions in the shear direction. We note here
that the parameters Bn and Bw govern the displacement at which softening commences at the inter-granular
scales. In addition, parameter β determines the displacement at which the viscous element begins to lose
integrity. Consequently, these parameters also govern the peak inter-granular forces. From Eqs. 37, 64 and 65,
we observe that the inter-granular behavior for Bn = Bw = ∞ and Bn = Bw = 0 is bounded between a Zener
solid and a Maxwell material.

3.3 Experimental verification and model predictions

The derived model is verified by comparing model predictions with experimental behavior for hot-mix asphalt
(HMA) concrete under uniaxial unconfined creep and creep-recovery behavior under compression and tension
at a constant temperature of 20 ◦C [3]. We also utilize the model to simulate behavior under monotonic
unconfined uniaxial loading at the strain rates of 0.001/s and 0.0005/s. The creep-recovery and monotonic
predictions are further elucidated by investigating the calculated elastic and dissipated energies. Finally, the
model is applied to simulate 3-point bending experiments on dentin-adhesive polymers.

3.3.1 Calibration and identification of model parameters

The model is calibrated using the experimental creep and creep-recovery data under compressive uniaxial
stress σ11 = 1.0 MPa (σ22 = σ33 = 0) and tensile creep data at stress σ11 = 0.3 MPa (σ22 = σ33 = 0).
First, the normal and shear stiffness and viscosity parameters E1, G1, Gw, En, μn and μw, were obtained by
assuming Bn = Bw = β = ∞ and fitting the reduced equation to the initial portion of the experimental creep
curve. Thereafter, damage parameters Bn, Bw and β were introduced into the model and optimized to match
the complete creep–response curve. Further, normal and shear plastic parameters βn and βw were identified
to match the creep–recovery curve at 1.0 MPa in compression for a load time of 40 s. We recall that plastic
parameters 0 ≤ βn ≤ 1 and 0 ≤ βw ≤ 1. To account for the asymmetric inter-granular behavior under tension
and compression, parameter αn and αw were included in the model and identified using the tensile creep data
at 0.3 MPa stress amplitude. The following model parameters were found: G1 = 0.8E1,Gw = En, μn = μw,
and Bn = Bw = 14.3 × 10−3, βn = βw and αn = αw where, E1 = 2.4 GPa/m, En = 0.3 GPa/m, τnδ(0) =
57s, τn f (0) = 6.33s and β = 3.8, βn = βw = 0.833, and αn = αw = 0.175. The experimental and calibrated
creep curves under uniaxial compressive and tensile loads for HMA are shown in Fig. 1. Clearly, the model
is able to replicate the primary, secondary and tertiary creep behavior as shown by the close agreement of the
calibration and experimental curves at σ11 = 1.0 MPa and σ11 = 0.3 MPa for compressive and tensile loads,
respectively. Furthermore, after the identification of inter-granular plasticity parameter, model is also able to
accurately capture the creep-recovery response shown by HMA under 1.0 MPa compressive stress.

3.3.2 Creep behavior

Figure 2a shows the experimental and calculated creep curves for HMA under uniaxial compressive loading.
Clearly, the model is able to replicate the primary, secondary and tertiary creep behavior as shown by the close
agreement of the calibration and experimental curves at σ11 = 1.0 MPa. Furthermore, the model provides a
close prediction of the creep behavior at σ11 = 1.5 MPa and particularly, the creep time-to-failure. To contrast
the nonlinear creep behavior, we show, in the inset, the linear viscoelastic response at the two stress levels
obtained by ignoring the effects of damage and plasticity. Figure 2b shows the elastic energy density, and the
viscous and damage dissipation densities for the two creep tests. We note that in the absence of unloading,
plastic dissipation has not been separately calculated and is contained within elastic energy shown in Fig. 2b.
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Fig. 1 Experimental and model predicted creep curves under uniaxial compressive and tensile stress used for model parameter
identification

Fig. 2 a Experimental and model predicted creep curves for hot mix asphalt at two different stress amplitudes. For contrast, the
inset shows the linear viscoelastic response obtained by ignoring the effects of damage. b Predicted evolution of macro-scale
energy densities with time corresponding to the creep curves given of a. For contrast, the inset shows the evolution of elastic and
viscous energies under linear viscoelastic assumption



802 A. Misra, V. Singh

0 500 1000 1500 2000
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

Time(sec)

L
oc

al
 E

ne
rg

y 
D

en
si

tie
s(

M
Pa

) Damage
Viscous

Elastic

σ
11

=1.0MPa

θ

Fig. 3 Predicted evolution of inter-granular (micro-scale) energy densities with time corresponding to the creep curve for σ11 =
1.0 MPa

Thus, the elastic energy represents partly the amount of recoverable work at a given time if the applied stress is
removed and material is allowed to recover. The inset includes for comparison the elastic energy and viscous
dissipation for linear viscoelastic material in which elastic energy will be completely recovered.

We can observe from Fig. 2b that the elastic energy and the viscous dissipation show an initial rapid
increase due to the sudden application of load in a creep test. For linear viscoelastic materials, these reach an
asymptote beyond a certain characteristic retardation time. In contrast for nonlinear materials with damage,
the elastic energy increases at slower rate as secondary creep progresses, reaches a peak during tertiary creep
and decreases indicating onset of material failure. The elastic energy can be expected to asymptote to zero if
the creep experiment is continued further. The viscous dissipation also slows down during the secondary creep
phase, however, shows a rapid increase during tertiary creep and will reach an asymptote at material failure.
The damage dissipation, on the other hand, exhibits gradual increase as the material accumulates damage,
increasing rapidly during tertiary creep.

During uniaxial creep, damage evolution in the materials is expected to be anisotropic depending upon
the loading direction. To illustrate how anisotropic damage develops, it is useful to examine the evolution
of inter-granular energy densities and damage. Figure 3 shows the inter-granular energy densities in selected
orientations as function of time for creep calculations at σ11 = 1.0 MPa. Since the loading is axisymmetric,
the inter-granular energy densities are independent of azimuthal angle, φ. Thus, each curve in Fig. 3 refers to θ
measured with respect to the loading direction-1 (see inset Fig. 3). From Fig. 3, we can see that the inter-granular
elastic energies, and viscous and damage dissipation evolve with time differently in the various directions.
For further elucidating the relationship of this evolution with loading direction, polar diagrams are given in
Fig. 4 that show the normalized inter-granular energy densities in θ -coordinate at selected times. We note that
these polar plots are centro-symmetric as well as symmetric about the horizontal plane. The normalization is
done with respect to the total energy in a given orientation at any given time, such that the normalized elastic
energy, the viscous and the damage dissipation densities, denoted by re, rv and rd , respectively, sum to unity
(re + rv + rd = 1). Similarly, the evolution of inter-granular damage in the normal and shear directions, Dn
and Dw, respectively, is plotted as polar diagrams for selected times in Fig. 5.

As the loading commences at time t = 0, the elastic energy fraction re is unity and viscous and damage
energy fractions rv and rd are both zero. As material undergoes creep deformation, the proportions of elastic
energies decrease while that of the viscous and damage dissipation increases, however, in different ratios in
the different directions. At t = 1 s, which is a small fraction of the initial inter-granular retardation time
of 57 s, the elastic energy and viscous dissipation are in approximately same proportion in all orientations
while damage dissipation is negligibly small. As creep deformation progresses, the proportion of damage
dissipation increases with maximum in the loading direction. However, in the orientations orthogonal to loading
direction, the proportion of elastic energy remains significantly larger till the commencement of tertiary creep
at t = 1,500 s. Beyond this time, the proportion of elastic energy begins to reduce while damage dissipation
increases in all directions, however, in a characteristically orientation-dependent manner. It is noteworthy that
such load-induced anisotropy provides elastic energy densities whose polar plots no longer exhibit a convex
shape. These effects can be observed also in simple anisotropic elastic materials belonging to the hexagonal
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of tetragonal symmetry classes. Indeed for such anisotropic elastic materials, if we look at the polar plots of
Young’s modulus as a function of the azimuthal angle E = E(θ)—which turns out to be the elastic energy
density corresponding to a unit strain—a similar lack of convexity is observed [82,83]. The anisotropic damage
development is seen clearly from the inter-granular damage in normal and shear direction shown in Fig. 5.
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These results indicate that the materials undergoing loading–unloading cycles with fixed stress amplitude will
progressively develop induced anisotropy. Such effects that manifest due to granular nature of materials are
not easily represented by phenomenological constitutive relationships based upon the concepts of traditional
Cauchy mechanics or tensorial damage functions.

3.3.3 Creep-recovery behavior

Under practical applications, HMA experiences repeated cyclic load imposed by traffic on the roadway. There-
fore, it is useful to compare the model prediction with the experimental data under repeated loads. In this work,
model predictions are compared with creep-recovery response of HMA under uniaxial compressive and ten-
sile stresses of 1.0 and 0.3 MPa, respectively, under following three different load-unload sequences formed
of different load-times (LT) and unload-times (UT), case 1: LT = 120 s, UT = 100 s, case 2: LT = 60 s,
UT = 100 s, and case 3: LT = 120 s and UT = 1,500 s.

The predicted and experimental creep curve under uniaxial compressive load of 1.0 MPa at three load
sequences is given in Fig. 6. From Fig. 6a, we observe that in case 1 when LT is 120 s and UT is 100 s, model
predictions are in close agreement with the experimental data. Not only model predicts both the failure-time
and failure-strain correctly but also the amount of plastic or residual strain at the end of each creep-recovery
cycle. When the load time is decreased to 60 s in case 2, as expected, HMA samples suffer smaller strain at any
given time compared to LT of 120 s as shown in Fig. 6b. The model is able to closely match the creep-recovery
response for the first 7 cycles. The model prediction and experimental data diverges beyond 7 cycles with the
experimental response showing accelerated creep and sudden failure, whereas model indicates a more gradual
increase in creep with a delayed failure. Since the LT is half of that in case 1, the sample undergoes smaller
damage and accumulates smaller plastic strain, as the sample is well within its primary creep stage. For case
3 in which when LT is 60 s, but UT is increased to 1,500 s, results are presented in Fig. 6c. In this case, model
predictions agree relatively well for the first 11 cycles. Beyond that, the predictions appear to be within the
secondary creep regime, that is, the strains during every subsequent creep-recovery cycles increase gradually.
The predictions do not show the accelerating trend exhibited by the experimental data. The predicted response
is expected since the large UT provides sufficient time for the elastic recovery.

The model capabilities to capture the asymmetric compression–tension behavior is shown in Fig. 7, which
gives the comparison of model prediction and experimental data for creep-recovery behavior under 0.30 MPa
tensile stress for the three different load–unload sequences. We observe from Fig. 7a that the case 1 model
predictions match very closely with the experimental data and predict both the failure-time and strain correctly.
For case 2, in which the LT is decreased to 60 s, the model prediction is close for the first 10 cycles. In the
subsequent cycles, the model predicts accelerated creep strains reaching failure at a higher strain albeit similar
time as that observed in the experiment. For case 3, we observe a much larger discrepancy between the model
predictions and the experiments. Although the trends are captured well, the creep strains appear to be larger
and recovery much smaller in the experiments than those in the predictions.

With regards to the observed divergence in predicted and experimental data in Figs. 6c and 7c, we note
that the material response at such large length of time can be sensitive to small material variability. Therefore,
such divergence of close agreement with experimental data can be expected, especially when the parameter
identification have been performed with a very small database of results that do not include information
on material variability. It is encouraging, nevertheless, that the predicted responses replicate creep-recovery
response rather well.

To understand the dissipation behavior during creep-recovery process, we have investigated the elastic
energies, and the viscous, damage and plastic dissipation for loading sequence corresponding to Figs. 6a
and 7a. Figure 8a, b shows the evolution of the elastic energy, and the viscous, damage and plastic dissipation
for the multiple creep-recovery cycles. We observe from Fig. 8 that the damage and plastic energies remain
constant during recovery, which is expected since damage and plastic dissipation are assumed to vanish during
unloading. During each subsequent creep cycles, the elastic energy becomes proportionally smaller compared
do the dissipative energies. As the sample enters a tertiary creep regime accompanied by accelerating creep
deformation, the viscous dissipation increases rapidly, although, both damage and plastic dissipation increase
as well.

In Fig. 9a, b, we show the creep-recovery curve as well as the evolution of energy densities for the first
cycle of creep-recovery loading sequence corresponding to Fig. 6a. We particularly highlight the effect of
plasticity on both the creep-recovery and the energy density evolution behavior by considering two scenarios:
(1) with only damage and (2) with coupled damage and plasticity. We observed from Fig. 9a that as expected
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Fig. 6 Comparison of predicted and experimental multi-cycle creep-recovery response under uniaxial unconfined compressive
stress of 1.0 MPa: a load time=120 s and unload time=100 s, b load time=60 s and unload time=100 s and c load time=60 s
and unload time=1,500 s

when only damage is included, material tends to recover to the undeformed state; however, when the plasticity
is included, the material recovers to a significant residual strain. Figure 9b shows the corresponding evolution
of energy densities with time. As the loading is applied, the elastic energy, which is the recoverable work at
a given time if the applied stress is removed, shows a jump corresponding to the sudden application of creep
load. As creep progresses, the viscous dissipation increases proportional to the creep rate while the dissipation
due to damage and plasticity increase as a function of the creep deformation. In the model adopted in this work,
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Fig. 7 Comparison of predicted and experimental multi-cycle creep-recovery response under uniaxial unconfined compressive
stress of 0.3 MPa: a load time=120 s and unload time=100 s, b load time=60 s and unload time=100 s and c load time=60 s
and unload time=1,500 s

the dissipation due to damage is independent from that due to plasticity and does not change in the absence of
plasticity. However, in absence of plasticity, the elastic energy at any time is expectedly larger. Once the stress
is removed at 120 s and material is allowed to recover, the elastic energy decreases with time through viscous
dissipation as seen from Fig. 9b.
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Fig. 8 Predicted evolution of macro-scale energy densities for the creep-recovery responses shown in Figs. 6a and 7a

During uniaxial creep-recovery, damage evolution in the materials is expected to be anisotropic depending
upon the loading direction. To illustrate, how anisotropic damage develops, it is useful to examine the evolution
of inter-granular energy densities and damage. Figure 10 shows the inter-granular energy densities in selected
orientations as function of time corresponding to the creep-recovery curves in Fig. 9a. We note that the
loading is axisymmetric and the inter-granular energy densities are independent of azimuthal angle, φ, such
that each curve in Fig. 10 refers to θ measured with respect to the loading direction-1 (see inset Fig. 10).
From Fig. 10, we can see that the inter-granular elastic energies, and viscous, damage and plastic dissipation
evolve with time differently in the various directions. Further polar diagrams are given in Fig. 11 that show the
evolution of normalized inter-granular energy densities in θ -coordinate at selected times. The normalization
is again with respect to the total energy in a given orientation, such that the normalized elastic energy, the
viscous, the damage and the plastic dissipation densities, denoted by re, rv, rd and rp respectively, sum to
unity (re + rv + rd + rp = 1). For the case when only damage is included, rp is zero. Also, the evolution
of inter-granular damage (Dn and Dw,) and normalized plastic displacement (δ pαn and δ

pα
w normalized with

respect to the largest plastic displacement at the end of creep) in the normal and shear directions, respectively,
are plotted as polar diagrams at selected times in Fig. 12.

As the loading commences at time t = 0, the elastic energy fraction re is unity due to sudden loading
and viscous, damage and plastic energies fractions are zero as seen in Figs. 10 and 11. As material under-
goes creep deformation, the proportions of elastic energies decrease while that of the viscous, damage and
plastic (when included) dissipation increases, however, in different ratios in the different directions. Initially
at t = 5 s, which is a small fraction of the initial inter-granular retardation time of 57 s, the elastic energy
and viscous dissipation are in approximately same proportion in all orientations while both the damage and
plastic dissipation is negligibly small. As creep deformation progresses, the proportion of damage and plastic
dissipation increases with maximum being in the direction of loading. However, in the orientations orthogonal
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Fig. 9 a Predicted single-cycle creep-recovery response under uniaxial unconfined compressive stress of 1.0 MPa for materials
with damage only (dashed curve) and materials with coupled damage and plasticity (solid curve). b Predicted evolution of
macro-scale energy densities

to loading direction, the proportion of elastic energy remains significantly larger. Beyond the characteristic
time of 57 s, the proportion of available elastic energy begins to reduce while damage and plastic dissipation
increases in all directions, however, in a characteristically orientation-dependent manner. Once again it is
notable that load-induced anisotropy provides elastic energy densities whose polar plots no longer exhibit a
convex shape, similar to anisotropic elastic materials where a similar lack of convexity is observed [82,83].
Further, a comparison of Fig. 11a, b at t = 75 s shows that in the presence of plastic dissipation the elastic
energy is smaller than the case when only damage is present. Clearly at the end of creep at t = 12 s, the
plastic dissipation has a significant contribution especially in directions with larger inclination to the loading
direction. The concomitant anisotropic development of damage and plastic displacement is seen clearly from
the inter-granular damage and plasticity in normal and shear direction shown in Fig. 12. These results indicate
that the materials undergoing loading–unloading cycles with fixed stress amplitude will progressively develop
induced anisotropy. Such effects that manifest due to granular nature of materials are not easily represented
by phenomenological constitutive relationships based upon the concepts of traditional Cauchy mechanics or
tensorial damage functions.

3.3.4 Effect of induced anisotropy

To illustrate the effect of induced anisotropy, we compare the creep-recovery behavior for a two cycle loading
sequence in which the loading direction is changed after the first cycle. The loading sequence is as follows.
In case 1, the first cycle load is applied as σ11 = 1.0 MPa (σ22 = σ33 = 0) for LT = 120 s, UT = 100 s
and the second cycle is kept identical. In case 2, the first cycle is same as that of case 1; however, the second
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Fig. 10 Predicted evolution of inter-granular (micro-scale) energy densities with time for the creep-recovery response shown in
Fig. 9

-1 0 1
-1

0

1

-1 0 1
-1

0

1

-1 0 1
-1

0

1
t=5 sec t=120 sect=75 sec

Damage ViscousElastic

-1 0 1
-1

0

1

-1 0 1
-1

0

1

-1 0 1
-1

0

1

Elastic Plastic Damage Viscous
t=120 sect=5 sec t=75 sec

(a) 

(b) 

Fig. 11 Polar plots of inter-granular (micro-scale) energy densities fractions at selected times corresponding to the creep response
in Fig. 9



810 A. Misra, V. Singh

-1 0 1
-1

0

1

-1 0 1
-1

0

1

-1 0 1
-1

0

1
t=120 sect=75 sect=5 sec

Normal damage Shear damage

-1 0 1
-1

0

1

-1 0 1
-1

0

1

-1 0 1
-1

0

1

Normal plastic displacement Shear plastic displacement
t=120 sect=75 sect=5 sec

(a) 

(b) 

Fig. 12 Polar plots of inter-granular normal and shear direction a damage and b normalized plastic displacement at selected times
corresponding to the creep response in Fig. 9

0 100 200 300 400 500
-0.02

0

0.02

0.04

0.06

0.08

Times(sec)

In
va

ri
an

ts
 o

f 
St

ra
in

 T
en

so
r

Nominal Strain
Shear Strain

Fig. 13 Predicted effect of induced anisotropy on a 2-cycle creep-recovery response. The 2nd cycle loading direction is same as
the 1st cycle for the solid curve while it is orthogonal to the 1st cycle for the dashed curve

cycle load is applied as σ22 = 1.0 MPa (σ11 = σ33 = 0) for LT = 120 s,UT = 100 s. For the comparison
purpose, we plot in Fig. 13 the nominal strain defined as γn = (ε1 + ε2 + ε3)/3 and shear strain defined as
τs = 2

3

√
(ε1 − ε2)

2 + (ε2 − ε3)
2 + (ε3 − ε1)

2 for the two loading cases. The effect of induced anisotropy is
clear from the response. Since the 2-direction has experienced smaller damage and plasticity in the first cycle,
the response in the second cycle is stiffer for case 2. In many conventional models that do not incorporate
directional evolution of damage tensor and plastic potentials, the material would be treated as isotropic upon
recovery. In this case, the second cycle response would have been identical for the two loading cases. While
granular materials, in general, are known to exhibit such strong affects of induced anisotropy, experimental data
on rate-dependent or creep-recovery response for these materials are scarce (unavailable to our knowledge),
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especially those that investigate effects of changing loading paths. To that extent, the illustrative calculations
discussed here could serve as a basis for systematic investigation into the effect of path dependency of granular
material behavior subjected to creep and rate-dependent loading under complex paths.

3.3.5 Monotonic behavior

The experimental verification of the model’s ability to predict monotonic rate-dependent behavior was shown
in our previous paper [10]. The monotonic behavior is investigated for uniaxial unconfined constant strain
rate loading applied as follows: ε11 = ε0t , and lateral stress, σ22 = σ33 = 0. Here, we demonstrate the
effect of strain rates, ε0, upon the evolution of energy densities and damage with loading. For our illustrative
calculations, we utilize an initial retardation time τnδ(0) = 5.7 s, and use for all other model parameters the
same values as those used for creep predictions. For the smaller initial retardation time, the effect of damage on
the overall stress–strain behavior is significant at the strain rates for which the simulations have been performed.
Predicted stress–strain curves for strain rates of ε0 = 0.0025/s and ε0 = 0.0005/s are given in Fig. 14. With
the increase in the strain rate, peak stress increases, whereas the corresponding strains at peak stress decrease.
Such behavior is expected for rate-dependent material and indicates that at higher strain rates, the material is
stiff, brittle and fails at higher stress. Elastic energy, and viscous and damage densities at two strain rates are
shown in Fig. 15. Again, we note that in the absence of unloading, plastic dissipation has not been separately
calculated and is contained within elastic energy shown in Fig. 15. Thus, the elastic energy represents partly
the amount of recoverable work at a given time if the applied stress is removed and material is unloaded. The
elastic energy and damage dissipation show little effect of loading rate for the given set of model parameters;
however, with an increase in the loading rate, viscous dissipation appears to be considerably larger.

We further illustrate the evolution of anisotropic dissipation, damage and plasticity with loading by plotting
inter-granular energy densities and damage. In Fig. 16, we show the inter-granular energy densities in selected
orientations as function of strain for the two strain rates. The normalized fractional inter-granular energy
densities are also shown in polar plots in Fig. 17 at selected strains for the two strain rates. As in the case of
creep, we can see that the inter-granular elastic energies, and viscous and damage dissipation evolve with strain
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Fig. 16 Predicted evolution of inter-granular (micro-scale) energy densities with strain under monotonic loading at a strain
rate=0.0025/s, and b strain rate=0.0005/s
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Fig. 17 Polar plots of inter-granular (micro-scale) energy densities fractions at selected strain levels for the monotonic loading
at a strain rate=0.0025/s, and b strain rate=0.0005/s

differently in the various directions; however, we observe that the viscous dissipation is dominant at the higher
loading rate. From the polar plots, it is evident that with the increase in strain, damage dissipation fraction, rd of
the inter-granular contacts oriented in direction of loading increases whereas the corresponding elastic energy
fraction, re, decreases. This decrease in re is expected because contacts are undergoing softening process
and their capacity to sustain load decreases. We note that in this case as well the load-induced anisotropy
leads to elastic energy densities whose polar plots do no exhibit a convex shape, similar to anisotropic elastic
materials [82,83]. Finally, the polar plots of inter-granular damage and plastic displacement in normal and
shear directions are given in Fig. 18 for the strain rate of 0.0025/s. Similar results are obtained for slower
loading rate since the damage dissipation is same for the two loading rates. As in the case of creep loading,
these damage and plastic displacement plots show the loading-induced anisotropy in the medium, which will
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Fig. 18 Polar plots of inter-granular normal and shear direction a damage and b normalized plastic displacement at selected strain
levels for the monotonic loading at strain rate of 0.0025/s

affect the behavior under multi-axial loading, especially for cases in which the principal loading directions
change during the loading process.

3.4 Comparison with 3-point bending experiments

The applicability of the developed model is further demonstrated by comparison of model prediction with results
of 3-point bending experiments performed on hydrophobic–hydrophilic polymers [84,85]. The application of
the current model to these amorphous polymers with ill-defined molecular structure is justified by considering
a coarse-grained granular structure at their meso-scales. The experiments were performed on dry and wet
environments to obtain the material response under creep and monotonic loading. Creep experiments were
performed at a load of 0.3 N, while the monotonic experiments were performed at two loading rates of 60
and 2µm/min, respectively. The experimental details are described in our previous work [85]. To simulate the
3-point bending experiments, the derived model was implemented into an Euler-Bernoulli beam framework
to predict the nonlinear beam bending. Model parameter identification was performed using the creep results
at small times and the monotonic loading results at 60µm/min. The following model parameters were found
for dry (wet) case: G1 = 0.5E1,Gw = En, μn = μw, and Bn = Bw = 10.0 × 10−3 where E1 = 6 GPa/m
(3 GPa/m), En = 10.5 GPa/m (4.5 GPa/m), τnδ(0) = 428 s (500 s), τn f (0) = 272 s (300 s) and β = 5. The
results of parameter identification and predicted response at 2µm/min are shown in Fig. 19. The discrepancy in
the theoretical calculations and experiments in Fig. 19 can be partly attributed to the multiple characteristics time
of these complex polymers even under small loads wherein these materials can be treated as linear viscoelastic.
Under monotonic loading, the behavior is highly nonlinear as observed from the experimental measurements.
The theoretical calculations based upon the model are able to describe the measured nonlinearity reasonably
well in both dry and wet conditions. We note that the theoretical calculations of the behavior of wet conditions
requires mainly the modification the inter-granular stiffness suggesting that the presence of water softens or
plasticizes the inter-granular interactions without changing the strain to reach peak strength indicated by the
parameters Bn and Bw.
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4 Summary and conclusions

A thermo-mechanical framework for deriving constitutive equations from granular micromechanics approach
has been developed. The motivation of the work is to ensure that the derived model for a deforming granu-
lar medium satisfies thermodynamic equilibrium at each grain interaction. The framework is then utilized to
obtain constitutive equations for nonlinear rate-dependent materials with damage and plasticity. In the devel-
oped approach, elastic and dissipation potentials are identified at the micro-scale defined as the inter-granular
interactions. The macro-scale Helmholtz free energy and dissipation potential are then obtained as a sum of
the micro-scale energies over all the inter-granular interactions in a VE. For rate-dependent damage-plasticity
modeling, three internal variables are introduced at the macro-scale to account for the viscous, plastic and
damage dissipations. The macro-scale Cauchy stress tensor is then obtained in the usual manner by partial
differentiation of overall Helmholtz energy with respect to strain tensor. The resultant expression for stress
tensor is found to be a function of inter-granular forces and the relationship of micro–macro kinematical
quantities. Further, the application of orthogonality conditions at the macro-scale suggests a Clausius–Duhem
type inequality for inter-granular interactions. This inequality can be utilized to establish inter-granular con-
stitutive equations, which along with the expression for Cauchy stress complete the derivation of macro-scale
constitutive relationship.

To illustrate the applicability of the model, we have introduced particular choice of inter-granular interac-
tions that include a purely elastic part and a part associated with rate-dependent process that undergoes damage
and plasticity. For practical application of the derived model, the macro-scale strain is assumed to be related
to the inter-granular displacements using the widely accepted mean field kinematic assumption. The resultant
model is implemented in a numerical scheme to predict the creep, creep-recovery and rate-dependent monotonic
response of hot-mix asphalt and calculate their associated elastic energy, and viscous, plastic and damage dis-
sipation both at the macro- and micro-scale. The particular inter-granular interactions used in this paper can be
extended or modified to account for additional phenomena, such as moisture or heat-related material softening
and degradation, further tension-compression asymmetry and normal-shear coupling of dissipation.
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The thermo-mechanical framework developed in this work for the granular medium is general in that it
only requires the specification of appropriate inter-granular free energy function and dissipation potential.
For example, using the developed equations, we can derive thermal properties, such as specific heat capacity,
thermal conductivity and thermal expansion coefficients for the granular material systems in terms of the
micro-scale quantities. Thus, the approach can be applied to a range of physical or chemical phenomena [86]
that effect inter-granular interactions in granular materials. The approach could be particularly useful for
elucidating the effects of dissipation in porous media [87,88], higher-gradient and micromorphic continuum
theories of granular systems. It is noteworthy that the advantage of the resultant constitutive model is that it
can describe loading-induced material anisotropy particularly under evolving multi-axial loading. In classical
plasticity and damage mechanics, complex yield criterion, plastic potentials, hardening functions, damage
functions and their evolution laws with loading have to be formulated to address this issue. In addition, the
model is also able to describe secondary and tertiary creep, creep rupture, accelerated stress relaxation, pressure
sensitivity and shear-induced volume change. The mentioned loading-induced anisotropy and rate-dependent
characteristics are widely observed for materials such as Portland cement paste, asphalt concrete, frozen soils,
cross-linked polymers, sands, glacial sediments, clays and rocks (see for example [89–91]) and are often a
manifestation of the granular/discrete nature of materials. In addition, the developed approach can be extended
to derive constitutive relations for enhanced continuum models, such as those for higher-gradient or micro-polar
theories [33,36,38,39,41], that are necessary for describing phenomena requiring inherent length scales. To
this end, we note that the simplifying kinematical assumption used in the present work in which we ignore the
particle rotations and higher gradients of displacement leads to the derived classical Cauchy continuum-type
theory. In the future, we expect to develop continuum theories that provide a much more complete account of
microstructure such as those discussed in [51–54] by systematically relaxing these assumptions.
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